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Abstract 

Two types of the coherent states for two parameter deformed multi- 
mode oscillator system are investigated. Moreover, two parameter de- 
formed gl(n) algebra and deformed symmetric states are constructed. 

1 Introduction 



Quantum groups or q-deformed Lie algebra implies some specific deforma- 
tions of classical Lie algebras. 

From a mathematical point of view, it is a non- commutative associative 
Hopf algebra. The structure and representation theory of quantum groups 
have been developed extensively by Jimbo [1] and Drinfeld [2]. 

The q-deformation of Heisenberg algebra was made by Arik and Coon [3], 
Macfarlane [4] and Biedenharn [5]. Recently there has been some interest in 
more general deformations involving an arbitrary real functions of weight 
generators and including q-deformed algebras as a special case [6-10]. 
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Recently Greenberg [11] has studied the following q-deformation of multi 
mode boson algebra: 

did] - qa)ai = Sij, 

where the deformation parameter q has to be real. The main problem of 
Greenberg's approach is that we can not derive the relation among Oj's op- 
erators at all. In order to resolve this problem, Mishra and Rajasekaran [12] 
generalized the algebra to complex parameter q with \q\ = 1 and another 
real deformation parameter p. In this paper we use the result of ref [12] to 
construct two types of coherent states and q-symmetric ststes. 

2 Two Parameter Deformed Multimode Os- 
cillators 

2.1 Representation and Coherent States 

In this subsection we discuss the algebra given in ref [12] and develop its 
reprsentation. Mishra and Rajasekaran's algebra for multi mode oscillators 
is given by 

ciid] = qa]a,i (i < j) 
aja] — pa\a,i = 1 
a iaj = q^cijCii (i < j), (1) 
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where i, j — 1, 2, • • • , n. In this case we can say that a\ is a hermitian adjoint 

of Oj. 

The fock space representation of the algebra (1) can be easily constructed 
by introducing the hermitian number operators {Ni, N 2 , • ■ • , N n } obeying 

[Ni,a,j] = -Sijttj, [Ni,a]] = Sija], (i, j = 1, 2, • • • , n). (2) 

From the second relation of eq.(l) and eq.(2), the relation between the num- 
ber operator and creation and annihilation operator is given by 

a\a t = m = P -— v (3) 

or 

^ = Et4(4«- (4) 

k=i 1 y 

Let |0, 0, • • • , > be the unique ground state of this system satisfying 

iVi|0,0,--.,0>=0, Oi|0,0,---,0>=0, (i,j = l,2,--.,n) (5) 

and {\ni, n 2 , ■ ■ ■ , n n > \rii = 0, 1, 2, • • •} be the complete set of the or- 
thonormal number eigenstates obeying 

N i \n 1 ,n 2 , • • ■ ,n n >= n i \n 1 ,n 2 , ■ ■ • ,n„ > (6) 

and 

< m,---,n n \n' 1 ,---,n' n >= 6 nir ^ ■ ■ ■ 5 n2 n' 2 - (7) 



If we set 



a i \n 1 ,n 2 , ■■■ ,n n >= fi(n u ■ ■ ■ ,n n )|ni, • • • , - 1. • • • , n n >, (8) 



we have, from the fact that a\ is a hermitian adjoint of a. 



a]|ni,n 2 , • • • ,n n >= • • • , + 1, • • • , n n )\n^ ■ ■ ■ , m + 1. • • • , n n > . (9) 

Making use of relation a^a^i = g~ 1 aj +1 a i we find the following relation for 

Us: 



/i(ni, • • - ,n n ) 



fi+i(ni, ■■■,n i -l,---,n n fi(ni, ■ ■ • ,n i+ i - 1, • • ■ ,n n ) 
\f i (n 1 ,---,n i + l,---,n n )\ 2 - p\f i {n 1 ,- ■ ■ ,n n )\ 2 = 1. (10) 

Solving the above equations we find 



(11) 



where [x] is defined as 



[x] 



p x — 1 
p — 1 



Thus the representation of this algebra becomes 



ajjni, ■••,«„>= ? E ^ =i + infc VMI n i' ' ' ' _ 1' ' ' ' ' n « > 



at|m,---,n n >= q ^=^ nh ^ji~+l\\n l , ■ ■ ■ , m + 1, • • • , n n > . (12) 



The general eigenstates \ni, n 2 , ■ ■ ■ , n n > is obtained by applying aj's 
operators to the ground state |0, 0, • • • , >: 

(a)Y n ■ ■ ■ (a\) ni 

|m, n 2 , ■ ■ ■ , n n >= 1 n Kl) |0, 0, • • • , >, (13) 

where 

[n]! = [n][n- 1]...[2][1], [0]! = 1. 
The coherent states for gl q (n) algebra is usually defined as 

j ' ' ' j Z%i ' ' ' i Zn ^ — Zi\z±, • • • , Zi, • • • , Z n > . ( 14) 

From the g/ g (n)-covariant oscillator algebra we obtain the following com- 
mutation relation between z^s and z*'s, where z* is a complex conjugate of 

z i z j = qz j z i , (i<j), 

Z i Z j = -ZjZi, [l < J), 

ZiZj = qZjZ*, (i^j) 

z*Zi = ZiZ*. (15) 
Using these relations the coherent state becomes 



z n " . . . z™ 1 

\z u ---,z n >_= c( Zl , ■ ■ ■ , z n )i:™^ nn=0 -f= ^= 1 = \n 1 ,n 2 ,---,n n > . 



(16) 
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Using the eq.(13) we can rewrite eq.(16) as 

\z!,---,z n >_= c(zi,- ■ ■ , z n )e p (z n al) ■ ■ ■ e p (zia\)\0,0,- ■ ■ ,0 >, (17) 
where 

e p (x) = S„ =0 |-|y 

is a deformed exponential function. 

In order to obtain the normalized coherent states, we should impose the 
condition < z±, • • • , z n \zi, • • • , z n > = 1. Then the normalized coherent states 
are given by 

\z ir --,z n >_= - 1 ep(^ ra 4)---e p (^ial)|0,0,---,0 >, 

\fep{\zi\ 2 )---e p {\z n \ 2 ) 

(18) 

where \zi\ 2 = ZiZ* = z*Zi. 

2.2 Positive Energy Coherent States 

The purpose of this subsection is to obtain another type of coherent states for 
algebra (1). In order to do so , it is convenient to introduce n subhamiltonians 
as follows 

Hi = a\a,i - v, 

where 

1 

v = . 

l-p 
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Then the commutation relation between the subhamiltonians and mode op- 
erators are given by 

Hm] = (S^p - 1) + l)a)H h [H i: Hj] = 0. (19) 

Acting subhamiltonian on the number eigenstates gives 

H i \n 1 ,n 2 , ■ ■ ■ ,n n >= — \ni, n 2 , ■ ■ ■ , n n > (20) 

1 — p 

Thus the energy becomes negative when < p < 1. As was noticed in ref 
[13], for the positive energy states it is not but a] that play a role of the 
lowering operator: 

H t \X lP n \- ■ ■ , X nP n - >= X iP ni \X lP n \- ■ ■ , X n p n - > 

a\\X lP n \- ■ ■ , X nP n - >= g-^+i^y^+i+^IAip" 1 , • • • , \p ni+ \ X n p n " > 

ai \X lP n \ • • • , X nP n " >= q^^ n ^X tP ^ + u\X lP n \ • • • , x iP ni -\ • • • , X nP n " >, 

(21) 

where X±, ■ • • , X n > 0. 

Due to this fact, it is natural to define coherent states corresponding to 
the representation (21) as the eigenstates of aj's: 

a\\zi, • • ■ , z n >+= Zi\zi, • ■ ■ , z n > + (22) 



7 



Because the representation (21) depends on n free paprameters Aj's , the 
coherent states \zi, • ■ • , z n >+ can take different forms. 

If we assume that the positive energy states are normalizable, i.e. 
< Aip ni , • • • , \ n p nn | Aip n 'i , • • • , \ n p n " >= 5 nin / ■ ■ ■ S nnn > n , and form exactly one 
series for some fixed Aj's, then we can obtain 



\Zl, ' ' ' j z n > + 



^ ni,---,n„=— oo 



n 



P 4 



k=0 



Z n ■■■Z 1 \Aip ,---,A n p > 



(23) 



If we demand that + < z±, ■ • ■ , z n \zi, • ■ ■ , z n >+= 1, we have 



v 



\ Z k\ 



Afc 



(24) 



where bilateral p-hypergeometric series oipi(a; p, x)is defined by [14] 



oi)i(a;p,x) = ^=~c 



(-)>' 



ri„ra(?i— 1)/2 



(a;p) r 



-x" 



(25) 



2.3 Two Parameter Deformed gl(n) Algebra 



The purpose of this subsection is to derive the deformed gl(n) algebra from 
the deformed multimode oscillator algebra. The multimode oscillators given 
in eq.(l) can be arrayed in bilinears to construct the generators 



-tlz-ij — (X^ CI j . 



(26) 
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From the fact that a] is a hermitian adjoint of Oj, we know that 



Then the deformed gl(n) algebra is obtained from the algebra (1): 



[En, Ejj] — 0, 

[E tl ,E jk ] = 0, (i^j^k) 
[Eij, Eji] = E u - Ejj, (i ^ j) 

EuEij — pEijEu = E^, (i ^ j) 

p p - J Q~ lE ikEij if j < k 
^ ik -\qE ik E i3 \ij>k 

E l3 E kl = q ^m + RU,i)-nm-n(i,i)) EklEijj {i ^ j ± k ^ ^ (28) 



This algebra goes to an ordinary gl(n) algebra when the deformation 
parameters q and p goes to 1. 



(27) 



where the symbol R(i,j) is defined by 
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3 q-symmetric states 

In this section we study the statistics of many particle state. Let N be the 
number of particles. Then the N-partcle state can be obtained from the 
tensor product of single particle state: 

• ■ • , i N >= \ii > <S>\i2 > <S> • • • <8> \in >, (29) 

where ii, • • • , ijv take one value among {1,2, •••,n} and the sigle particle 
state is defined by |4 >= a\ k \0 >. 

Consider the case that k appears times in the set {zi, • • • , i^}- Then 
we have 

n 

n x + n 2 H \-n n = ^2n k = N. (30) 

k=l 

Using these facts we can define the q-symmetric states as follows: 

- ■ ■ ,lN >q~ 



ni p 2<--- [n n \ P 2. . 
\ INU^ ^ sgngWIMi) ■■■Mm >, (31) 

\ L IP ' a&Perm 



where 



sgn q (a) = g jR ( i i--- i Jv)p J R(o-(i)---CT(A^)) ^ 

N N 

R(i u ---,i N ) = E E Rfa,U) (32) 
fe=i «=fc+i 



and [x] p 2 = p p2 _ 1 ■ Then the q-symmetric states obeys 

<? _1 | • • • i 4+i, 4, ■ ■ ■ >q if 4 < 4+i 

• • • , 4, 4+i, • ' ' >q— { ]■■■■> 4+i, 4, • • ■ > q if 4 — 4+i (33) 

q\ • • • , 4+i, 4, • • • >g if 4 > 4+i 
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The above property can be rewritten by introducing the deformed transition 
operator P k ,k+i obeying 

Pk,k+i\ • • • ? iki • • • > q = | • • • , ifc+i, hr" >q (34) 
This operator satisfies 

Pk+l,kPk,k+\ — Id, SO Pk+i,k = Pk,l+i (35) 
Then the equation (33) can be written as 

Pk,k+i\ ••• ,ik,k+i, ■• ■ > q = g~ e(lfc ' lfc+l) | • • • ,i k+ i,i k , ■ ■ ■ > q (36) 
where e(i,j) is defined as 

( 1 if % > j 

= if « = J 
I - 1 if z < j 

It is worth noting that the relation (36) does not contain the deformation 
parameter p. And the relation (36) goes to the symmetric relation for the 
ordinary bosons when the deformation parameter q goes to 1. If we define 
the fundamental q-symmetric state \q > as 

\q >= \ii,i 2 , ■■■ ,i N > q 

with %x < %2 < • • • < iN, we have for any k 

\Pk,k+i\q > r = Ik > I 2 = 1- 
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In deriving the above relation we used following identity 




[ni]p2! • • • [n n ] p 2\' 



4 Concluding Remark 



To conclude, I used the two parameter deformed multimode oscillator sys- 
tem given in ref [12] to construct its representation, coherent states and 
deformed gl q (n) algebra. Mutimode oscillator is important when we investi- 
gate the many body quantum mechanics and statistical mechanics. In order 
to construct the new statistical behavior for deformed particle obeying the 
algebra (1), I investigated the defomed symmetric property of two parameter 
deformed mutimode states. 
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